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ABSTRACT

In this paper, we estimate the location parameter (u) and scale parameter (o) of
a distribution symmetric about u using U-statistics with kernels as the BLUE’s of
1 and o based on systematic statistics, viz., quasi-midrange and quasi-range of the
sample. We also provide explicit expressions for the variance of these U-statistics.
The advantage of the estimators obtained in this paper is that the order of the
covariance matrix involved in expressions for the variance of the U-statistics is less,
thus making the computation of the variance of U-statistics much easier.
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1. Introduction

Lloyd (1952) established the Best Linear Unbiased Estimator (BLUE) for both the
location parameter (u) and scale parameter (o) of a distribution belonging to the
location-scale family of distributions. This estimator is derived from the order statistics
of a random sample drawn from the distribution. The exact expressions for their
variances were also obtained. Further, if the parent distribution is symmetric about
the location parameter, Thomas (1990) has shown that the Lloyd’s BLUE’s of the
1 and o based on order statistics reduce to those based on the quasi-midrange and
quasi-range, respectively, of the sample, thereby achieving a considerable reduction in
the order of the covariance matrix involved.

A major drawback of Lloyd’s BLUE’s of y and o is that in order to obtain these
estimators, one requires the values of means, variances, and covariances of the entire
order statistics of a random sample of size n arising from the distribution. However,
for most of the distributions belonging to the location-scale family of distributions,
explicit expressions do not exist for the means, variances, and covariances of these or-
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der statistics. Consequently, numerical computation becomes necessary, and therefore
these values are computed numerically for n < 20, and the BLUE’s and their variances
are obtained for sample sizes up to 20. But for large samples (n > 20), numerical com-
putation is typically infeasible. To address this issue, Thomas and Sreekumar (2008)
proposed a method for estimating u and o for large samples using U-statistics. These
U-statistics utilise the BLUE’s of i1 and ¢ based on order statistics of an initial sample
of small size as kernels. The U-statistics estimators thus obtained are highly preferred
as they leverage the optimality conditions of BLUE as well as U-statistics.

Based on the principles elucidated in Thomas (1990) and Thomas and Sreekumar
(2008), this study focuses on deriving the BLUE’s of location and scale parameters of
distributions symmetric about the location parameter. We achieve this by constructing
U-statistics with kernel as the BLUE’s of © and ¢ based on the quasi-midrange and
quasi-range of the sample. A notable advantage of this approach lies in the considerable
reduction of the covariance matrix’s order during the evaluation of the U-statistic’s
variance, thereby making the computation of the variance much easier.

Section 2 of this paper focuses on the formulation of U-statistics with kernels based
on the quasi-midrange and quasi-range of the sample. The expressions for the U-
statistics and their variances have also been derived. To demonstrate the efficacy of this
method, we apply it to two specific members of the family of symmetric distributions:
the U-shaped distribution and the Cauchy distribution, discussed in Sections 3 and 4,
respectively.

2. U-statistics with kernels based on Quasi-midrange and Quasi-range

Consider a random variable Z with probability density function (pdf) given by

1 —
f(z;/.L,U)* f0<z M),—OO</.L<OO,J>0

o o

where the form of fy(-) is known. The family of distributions with pdf as defined above
is called the location-scale family of distributions with location parameter © and scale
parameter o. Let Z1., < Zo.,, < ... < Z,., be the order statistics of a sample of size
n, drawn from an absolutely continuous distribution symmetric about the location
parameter p and with scale parameter . Then, X,.,, = @, forr=1,2,...,n, are
order statistics of a random sample of size n arising from a distribution that is free
of pand 0. Let Z = (Zim, Zoms s Zn)” and X = (X1, Xoin, oy Xnm)© - Let the
expectation of the vector X and its covariance matrix D(X) be given by E(X) = a
and D(X) = A. Then the Lloyd’s BLUE of 1 and o along with their variances are
given by

pt=1TAty"TAT (1)
Var(p*) = (1TA711) o2 (2)
o =(aTA ta) T AT Z (3)

180



Asian Journal of Statistical Sciences N.V. Sreekumar® and Dhanya Nair R.b

Var(c*) = (a¥ A7 a)"1o? (4)
Now, let M;.,, = %, fori=1,2,..., [”T‘H] denote the i** quasi-midrange, and
Rim = Zn—itim — Zim, fori=1,2,..., [%] denote the i*" quasi-range of the sample.

Then using the distributional symmetric properties we have, E(M;.,) = u, for i =

1,2,..., ["T‘H] and E(R;.,) =2a,0, fori=1,2, ..., [%] ,where a; = E(X,—it1.n)-

T T
Let M — (MM,MM, ...,M[&]m) and R = (RM,RQZTL, ...,R[%M) . Additionally, let

1=(1,1,..., 1)T denote a column vector of [%] ones. Let us denote a;j=cov(Xj.n, Xjun).
Then,
Vij = COU(Mi:nv Mj:n)
=27 (aij + ai(n—j41))0”
and w;; = cov(R;, R;)
= 2 (a5 = ai(n—j41) 0
n+1

Also, let V' = [v;;] where 4,5 = 1,2, ..., [ ] and

W = [w;j] where 4,5 = 1,2, ..., [g} .
Thomas (1990) has shown that the Lloyd’s BLUE of 1 and o of a symmetric distribu-
tion given by (1) and (3), respectively, reduces to that based on quasi-midranges and
quasi-ranges of the sample. The BLUE’s of u and o based on quasi-midranges and
quasi-ranges along with their variances (see, Thomas, 1990), are given by

(]

pr= V)TV M = Y My, (5)
i=1

Var(p*) = (1'Vv=11) 7o (6)
2]

o =W ) W WIR = ZdiRi:n (7)
=1

Var(c*) = (bW 1p)~to? (8)

The advantage of using quasi-midranges to estimate p and o is that the order of
covariance matrix involved in Equations (6) and (8) are only [%41] and [2] respectively
while the order of the covariance matrix A in the corresponding Lloyd’s estimate is n.

In order to obtain Lloyd’s BLUE’s of 1 and o, one requires the means, variances, and
covariances of the entire order statistics of a random sample of size n emerging from

the distribution. Since for most of the distributions belonging to location-scale family,
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explicit expressions fail to exist for the means, variances, and covariances of the order
statistics, their values are computed numerically for n < 20, and the BLUE’s and their
variances are obtained for sample sizes up to 20. However, numerical computation
is impractical when the random sample size is greater than 20. To deal with such
situations, Thomas and Sreekumar (2008) suggested the estimation of p and o by
constructing the appropriate U-statistics with kernel based on Lloyd’s BLUE of y and
o, which in turn are based on the order statistics of an initial sample of small size
m, m > 2.

Hoeffding (1948) introduced U-statistics and its utility in estimating the parameters
of a distribution. Consider independent observations Z1, Zs, ..., Z,, drawn from a pop-
ulation with cumulative distribution function F. Then the U-statistic for estimating
the parameter 6, with the symmetric kernel h(-) of degree m, is given by:

1
U(Zy, Zas ooy Zn) = —ov > W(Z3,, Z3,, .., Z,,)

(m) 55

where, B ={8/8 = (b1, B2, ..., Bm), B1 < B2 < ... < Bm, is one of the ()
combinations of m integers chosen without replacement from the set (1,2,...,n)}.

Suppose E[h?(Z1, Z2, ..., Zm)] < 0o. Let h(Z1, Zo, .., Ze, Zes1s ooy Z) and

WZy, Zay ooy Zey Zpt1y ooy Zom—c) be two random variables having exactly ¢ sample
observations in common, where ¢ = 1,2, ..., m. Let fgm) be the covariance between
these two random variables. Then Hoeffding (1948) derived the variance of the
U-statistic as:

Var[U(Zy, Za, ... Zy)] = (nl) i (TZ) (:;_”Z)ggm)

m/ c=1

Clearly, the U-statistic is an unbiased estimator of 6.

Using the BLUE’s of p and o given by equations (1) and (3), based on a small
sample, as kernels of degree m, Thomas and Sreekumar (2008) constructed the U-
statistics that estimate the parameters explicitly. They also proved the unbiasedness
of the proposed estimators. The approach is highly advantageous because inorder to
obtain the value of the variances of the U-statistics for any sample size n, evaluation of
means, variances, and covariances of order statistics of sample sizes up to 2m—1 arising
from the standard form of the parent distribution alone are necessary . Thus, the usual
mathematical intractability in obtaining the variance of the U-statistics based on order
statistics is avoided.

Combining the concepts used in Thomas (1990) and Thomas and Sreekumar (2008),
in this work, we estimate the location and scale parameters of a distribution symmetric
about the location parameter by constructing U-statistics with kernel as the BLUE’s
of p and ¢ based on the quasi-midrange and quasi-range of the sample. Utilizing the
BLUE’s of p and o given by equations (5) and (7) as kernels of degree m, we can
construct appropriate U-statistics as follows.

The BLUE of u can be expressed as:

24)

h(Z1, Zoy ooy Zom) = Y €iMim (9)
=1
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and that of o can be written as:

ho(Z1, Z2y oo Zm) = Y diRizm (10)

where cq,co, ..., Clms1) and dy,dg, ..., dm) are constants.
2 2
Then, the U-statistic for estimating p based on kernel (9) is obtained as:

[zt n—(m—k)

= X | X ((20) () ) 8

k=1 i=k

The combinatorial coefficients of M;.,, in the second sum is obtained by the principle of

mathematical induction. Now, using the fact that E(M;.,) = u, for i = 1,2, ..., [”T“] ,

and >~ km k) (=) (%) = (), we obtain that Ul(:n;) given by (11) is an unbiased
estimator of p. Similarly, the U-statistic for estimating o based on kernel (10) is

obtained as:

which is an unbiased estimator of o.
The variances of UI(TZ) and Uz(:n;) are given by

Var [Uln}f ! i( >< >ggm> (13)

:1 c=1
and
Var [U( )] = ii e C(m) (14)
2:n (:rzL) o c m c c )
where,

e = cov [h1(Z1, Zay ooy Zos Zooits oo Zom) s A ( 21y Ziy ooy Zoey Dot ooy Zom—c)]

Cém) = Ccov [hQ(Zla ZQ; ceey ZC7 Zc-}—l, ceey Z’m)7 hQ(Zla ZQ; ceey ZC) Zm+17 ceey ZQm—C)] P

forc=1,2,....m

Clearly, em = Varlhi(Z1, Zs, ..., Zp)] and Q(nm) = Varlha(Z1, Za, ..., Z1m)] and are
given by equations (6) and (8) respectively.

To determine z-:((;m), forc=1,2,...,m — 1, we proceed as follows.

For p=1,2,...,m — 1, using equation (13) we have

LEOWe  w

c=m-—p

Var [UI(TZBJFP] =
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Returning to equation (11), if we write m* = [mT“} , we have
m* m*+p X
my 1 t—1\/m+p—1i
Ul:m+p - (m+p) Z <k N 1) ( m—k Mi:m+])ck7
m ) k=1 i=1
1 I i1\ (m +p—1 (16)
= (m+p) Z !Z (k—l)( m— k )Ck Mi:mtp
m =1 Lk=1
- bﬁ*ﬂ)Mm +p

where the vector

m*+p =

= ) = ) = )
(17)
and
Mo yp = (Mismtp, Moangps ooy Mins 4pimap)- (18)
Hence, from (16), we have
Var(U), ) = (08 Vine 4pbme+p)0%, for p=1,2, ..., (m — 1) (19)

where V- p is the coefficient of o? involved in the variance co-variance matrix of the
vector M« 4p.
From equations (15) and (19), it follows that for p =1,2,...,m — 1,

-1
m D m) _ [m+Dp T 9 m
<C><m—c>Eg )_< m >(bm*+pvm*+pbm*ﬂ>)‘7 — ).

—-Pp

3

C

]
3

If we write

@ = (m’;—p) (b%*+pvm*+pbm*+p) o’ — 5,(771”), for p = 1,2,...(m — 1), then the above

equation can be represented in matrix form as

0 0 0 () G) e a1
0 0 ()2 G @) es™ | e
MED HED s e ) e

(20)
If we denote the matrix and the column vector on the left side of (20) by H and E, re-

spectively, and the column vector on the right side of (20) by @, then the equation (20)
may be re-written as H.E = (). Subsequently, the values of 5£m), forc=1,2,....m—1
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can be determined from the equation
E=HQ.
Similarly the values of Cc(m), c=1,2,....,(m — 1) can be computed from the equation
C=H"1J
(m)  (m) m) \"
where C' = (g‘l e Cm_l>

J = (J1, J2y ey Jn—1)T with

m+p .
Jp = ( m ) (gnTm—&-meergTthp) ol — Cr(n ) for p=1,2,3,..,(m—1).

(21)

Here m = [%},
B N T PN e T PR e T
s = <Z GO SN Z ) d’“)
(22)

and Wi,y is the coefficient of 02 in the variance covariance matrix of the vector
Rm+p where Rm+p = (Rl;m_;_p, Rg:m+p, ceny Rerp;erp).

Once the values of Eﬁm) and Cém) for ¢ = 1,2...,(m — 1) are determined, the exact
variances of the U-statistics for estimating p and o based on any sample size n can
be obtained from (13) and (14). An advantage of employing this method is that the
maximum order of the covariance matrix involved in equation (20) and (21) is m* +
m — 1 and m + m — 1, respectively. Hence, in order to obtain the explicit variance
of the U-statistics UI(ZLL) and Uéfz) for any n > 2m, one only needs to evaluate the
covariances of the order statistics of sample sizes up to m* +m — 1 and m + m — 1,
respectively. Moreover, the range of k in the summation considered in (17) and (22),
is from 1 to m™ and 1 to m, respectively, whereas in the corresponding equations used
for determining the variance of the U-Statistic using Lloyd’s BLUE based on order
statistics as the kernel, the maximum order of the covariance matrix is 2m — 1, and
the range of k£ in the sum is from 1 to m. Thus, from a computational perspective,
this method proves to be much easier for symmetric distributions.

3. Estimation of location and scale parameters of U-shaped distribution
by U-statistics

The probability density of U-shaped distribution is given by

fz) =

3(z—p)? _ < < .
{ 555 H—0<r<pu+o;pueRando >0 (23)

0, otherwise

Samuel and Thomas (1996) have computed the means, variances, and covariances of
the order statistics arising from the standard form of the distribution defined in (23).
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Additionally, they estimated the BLUE of the location and scale parameters involved
in (23) utilizing quasi midranges and quasi ranges. The coefficients of order statistics
in the BLUE of p and o pertaining to the distribution (23) along with their variances
have also been tabulated for sample sizes, n = 2(1)20. Now making use of the findings
from Section 2, we can develop appropriate U-Statistics. Using the values provided in

(m)

the tables given in Samuel and Thomas (1996), we have computed the values of &,
and Cc(m) for m = 2(1)5, which are presented in Table 1. Using these values, we derived
the variances of U™ and UQ(?ZJ) for n = 5(5)20(20)60, 100 and m = 2(1)5, as displayed

1:n
in Tables 2 and 3.
Furthermore, the values obtained for o~2var (X) are 0.20, 0.10, 0.67, 0.05, 0.03, 0.02
and 0.01 for n = 5,10, 15, 20,40, 60 and 100 respectively. Hence, we can conclude that
the proposed estimator of p is highly efficient than the sample mean. Now, for the
scale parameter o, explicit expression for the variance of moment estimator or MLE is
not available in literature. However, the exact variances of the suggested U-statistics

for estimating p and o based on any sample size n can be obtained from (13) and (14).

(m)

Table 1. Values of ¢ and
cﬁm) forc=1,2,3,....,mand m =
2(1)5.
m | c 0"25£m) U’2C£m>
2 1 0.150000 | 0.007576
2 | 0.300000 | 0.633333
3 1 | 0.037642 | 0.003367
2 | 0.075661 | 0.075421
3 | 0.150078 | 0.216162
4 1 0.010050 | 0.001664
2 | 0.020460 | 0.015997
3 | 0.039838 | 0.043104
4 | 0.076790 | 0.095504
5 1 | 0.002514 | 0.002021
2 | 0.006200 | 0.004673
3 | 0.011774 | 0.011414
4 | 0.021852 | 0.023784
5 | 0.040528 | 0.047021
Table 2. Variance of Ul(?::)
n 5 10 15 20 40 60 100
o 2var (Uﬁz) 0.120000 | 0.060000 | 0.040000 | 0.030000 | 0.015000 | 0.010000 | 0.006000
2var <U1(3n> 0.071697 | 0.034253 | 0.022697 | 0.016988 | 0.008477 | 0.005649 | 0.003389
2var (Uf‘ln) 0.047228 | 0.017515 | 0.011146 | 0.008229 | 0.004050 | 0.002691 | 0.001611
2var <U1(5n> 0.040528 | 0.009710 | 0.005000 | 0.003800 | 0.001730 | 0.001120 | 0.000653
Table 3. Variance of U2( n)
n 5 10 15 20 40 60 100
o 2var (Ué%i) 0.067900 | 0.016800 | 0.007910 | 0.004770 | 0.001550 | 0.000854 | 0.000428
o 2var <U2(57)L 0.067879 | 0.016768 | 0.007908 | 0.004769 | 0.001550 | 0.000854 | 0.000428
o 2var (U2<47>1) 0.053584 | 0.012900 | 0.006130 | 0.003740 | 0.001250 | 0.000701 | 0.000358
o 2var <U2(5n> 0.047021 0.009130 | 0.004700 | 0.003150 | 0.001380 | 0.000888 | 0.000520
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4. Estimation of the Scale Parameter of the Cauchy Distribution

Cauchy distribution does not possesses the first two moments and as a result it is
not possible to estimate its parameters by the method of moments. Moreover the
exact variance of the maximum likelihood estimates are also not known for small
samples drawn from this distribution. For these reasons the method of estimating the
parameters of a Cauchy distribution by order statistics attracts special importance.
Barnett (1966) has evaluated all existing means, variances, and covariances of order
statistics drawn from a Cauchy distribution,

flz,p,0) = ;M,—oo<x<oo, we€ Rand o >0
where p and o are the location and scale parameters, respectively.
Further, realising the fact that the estimate of the scale parameter of a Cauchy distri-
bution is not seen published like the location parameter, Thomas (1990) concentrated
on the estimator of scale parameter. Thomas (1990) estimated the BLUE of the scale
parameter o based on quasi-ranges and computed its variance for n = 6(1)16(2)20.
Since the variances of the first two and last two order statistics of a Cauchy distribu—

tion do not exist, the BLUE of ¢ based on quasi-ranges is formulated as ZZ 3 R,
with the values of ¢; determined for n < 20. Utilizing this BLUE as the kernel, we
construct a U-statistic and is obtained as

and its variance is given by

= £ (0) e

m/ c=1
The values of Cc(m) for c=1,2,...,m — 1 are obtained as

C=H'J
- - i \7 (24)
where C' = (Cl ), (( ). <( )1)

2 m—

J=(J1, Joy e, Jm—1)T with

m—+p
Ip = ( m >(gm+1’ 2Wintp—29im+p— 2) 02—47(5”), forp=1,2,...m—1

T o s R e s R G [P
5O Grntp—2 = Z (") Z (" oo oo Z m+p) k

k=3 m k=3 m )

and Wi,4,—o is the variance covariance matrix of the vector Ry,4,—2 where
Rrh+p—2 = (R3:m+pa R4:m+pa X3 Rm+p:m+p)-
The values of ng) forc=1,2,...,m—1; m =6, 7,8 are provided in Table 4. Using these
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values, we computed the variances of UQ(?Z) for n = 10(5)20(20)60, 100 and m = 6,7,8
and are given in Table 5. Kravchuk and Pollett (2012) have computed the asymptotic
variance of MLE & of the scale parameter of the Cauchy distribution. The efficiency

of UQ(:";) relative to the MLE of scale parameter o for m = 6 and n = 10,15 and 20
is therefore evaluated and is given in Table 6. It can be observed that the relative
efficiency increases as sample size increases.

Table 4. Values
of Cém for ¢ =
1,2,3,..., and
m=6(1
m
6

© 5

o2
0.561777
0.152341
0.284150
0.496706
0.877723
1.755200
0.031820
0.107058
0.183643
0.290977
0.441143
0.662512
1.003200
0.077560
0.081303
0.126042
0.190115
0.269148
0.370510
0.502695
0.684800

CONDUE WNRFHTIDU R WN RO U R WN -0

Table 5. Variance of Uéz)
n 10 15 20 40 60 100

o~ 2var (UZ@L) 0.440672 | 0.224803 | 0.149234 | 0.062040 | 0.038762 | 0.022034
o~ 2var (UQ(Q) 0.440668 | 0.224310 | 0.149225 | 0.059211 | 0.035470 | 0.019163
o 2var (Uéiﬂ) 0.424493 | 0.218198 | 0.145112 | 0.049755 | 0.023464 | 0.007706

Table 6. Relative efficiency of UQ(TL) with re-
spect to MLE &

o 10 15 20
o 2var (US)) | 041 | o022] o015
o 2var (5) 0.20 0.13 0.10
e (UQ(?')L a) 0.4545 | 0.5909 | 0.6666

5. Conclusion

In this study, we have explored the estimation of location and scale parameters for
symmetric distributions using U-statistics with kernels based on systematic statis-
tics. We began by revisiting the foundational work of Lloyd (1952), Thomas (1990)
and Thomas and Sreekumar (2008) regarding the Best Linear Unbiased Estimators
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(BLUE) for location and scale parameters, specifically focusing on distributions sym-
metric about the location parameter.

By integrating the principles of U-statistics introduced by Hoeffding (1948) and the
BLUE estimators, we devised novel approaches to estimate the parameters of sym-
metric distributions. Through meticulous derivations and computations, we derived
explicit expressions for the variances of these estimators, simplifying the computation
process significantly.

Our investigation encompassed applications to specific distributions, namely the
U-shaped distribution and the Cauchy distribution. We utilized the insights from pre-
vious research, such as Barnett (1966), Thomas (1990), Samuel and Thomas (1996)
to compute essential statistics and construct appropriate U-statistics for estimation.

Furthermore, we provided comprehensive tables detailing the computed values of pa-
rameters and their corresponding variances for various sample sizes and distributional
settings. These tables serve as valuable references for practitioners and researchers
alike, facilitating the practical application of our proposed methodologies.

In conclusion, our study underscores the efficacy of combining U-statistics with
BLUE estimators for robust and efficient parameter estimation in symmetric distri-
butions. The methodologies presented herein offer practical solutions for handling
challenges associated with estimating parameters in distributions where explicit
expressions for statistics are not readily available. Future research avenues may
explore extensions of these techniques to other distributional families and investigate
their performance under different sampling scenarios.
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